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ABSTRACT: We study the problem of many interacting polymer chains and a class of basic diagrams is
found to govern the behavior of the system. The values of these diagrams can be summed up and the
contributions from the rest diagrams can be incorporated, so that the properties of the system can be found
in all regions of concentration, molecular weight, and intensity of excluded-volume interactions. Closed functions
up to an integral are given for the osmotic pressure and the mean end-to-end square distance of a coil which
are capable of describing the regions of dilute, semidilute, and concentrated solutions. The characteristic
exponents of all virial coefficients of these properties are calculated to the order ¢ = 4 — d (d is the dimensionality
of space), and an alternating rule for their signs is found. The transition from the semidilute region where
the properties depend on the ratio C,,/Cy*, the solution monomer concentration to the local coil concentration,
to the concentrated solution where the properties depend on the monomer concentration C,, is analyzed.

1. Introduction

The understanding of polymer solutions with variable
amounts of polymer dissolved in a solvent has to pass
through the problem of many interacting chains.! Beyond
its importance for the description of concentrated polymer
solutions? the many-chain problem is the initial step to-
ward more complicated systems of polymers. Such systems
can be systems of polymers of various architectures® such
as rings, stars, or combs where the architecture is an extra
factor to be considered or systems of polymers at interfaces
where the presence of a surface interacting with the
macromolecules is of dominant importance.* The diffi-
culties and the interest of a system of many polymer chains
arise from the existence of two kinds of interactions:® the
intrachain interactions between units belonging to the
same chain, which describe isolated coils in dilute solutions
and to which much study has been devoted,®® and the
interchain interactions between units belonging to different
chains, which become important as the concentration of
the polymer in the solution increases.!?

If the concentration of macromolecules in the solution
is varied, three main regions can be realized.’® The first
one is the dilute region of small concentration where the
polymer coils are on the average far apart and the behavior
of isolated macromolecules determines the macroscopic
properties of the system. Increasing the concentration, the
coils approach each other and the interactions between
them start becoming important. In this region the con-
centration of the polymer can be treated as a small pa-
rameter and the macroscopic properties can be expressed
in virial expansions in powers of the concentration of
macromolecules, C;, = number of chains/volume. The
corresponding monomer concentration is equal to C, =
C,N, where N stands for the number of monomers per
chain and it is proportional to the molecular weight and
the contour length of the chains. The actual dependence
of the properties on the concentration comes from the ratio
Cp/Cyp* of the global monomer concentration Cy, to the
local coil concentration of monomers C,*, expressing the
ratio of the volume occupied by each coil to the volume
available to each of them. With further increase in con-
centration, the space available to each chain becomes less
than its own volume and the chains start to interpenetrate.
This is the onset of semidilute solution where the macro-
scopic properties are still described by means of the ratio
Cr/Cp* %1 The dependence of C* on N has as a result
the explicit appearance in the macroscopic properties up
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to the semidilute solution of both the concentration C,, of
monomers and the molecular weight N of the chains.
Further increase in concentration leads to more dense
systems, where a monomer sees other monomers coming
from its own or other chains in the same way, resulting in
the loss of the meaning of the chains and of their lengths.
The parts of the properties coming from the interactions
of many chains do not have an explicit dependence on the
molecular weight N in this limit, but they depend only on
the monomer concentration C,,. Such behavior starts at
the end of semidilute solution where proper power laws
with respect to the large ratio Cp/C,* yield the inde-
pendence on . This region can be considered as the
beginning of the concentrated solution where mean-field
arguments can be applied.

Previous theoretical studies on the subject include the
works of Huggins and Flory who describe the concentrated
region.!?* On the basis of mean-field arguments appli-
cable in this region, they give a theoretical derivation of
the linear relationship between the osmotic pressure II and
C.2 observed experimentally. Edwards! defines the re-
gions of dilute, semidilute, and concentrated polymer so-
lutions and by means of his continuous model and self-
consistent field theories describes the semidilute region,
giving an expression of the osmotic pressure in terms of
the concentration, the molecular weight, and the exclud-
ed-volume parameter. Though the proper strong concen-
tration dependence IT ~ C_%* of the semidilute region,
as well as the dependence IT ~ C,2 of the concentrated
region, is found,' the right C,/Cy,* dependence of less
dense systems and the way of going from the C,/C_*
dependence to the C,, dependence are not given. des
Cloizeaux!® uses diagrams irreducible with respect to the
interaction lines, and eliminating the short-range diver-
gences derives the scaling law'®!7 correlating the osmotic
pressure with the product C,(R?)%2 ((R?) is the mean
end-to-end square distance of a coil and d is the dimen-
sionality of the space) proportional to the ratio C/C_*.
He also uses diagrams with one loop and describes the
region of small excluded-volume interactions, giving a
parametric representation of osmotic pressure and the size
of the coil in terms of fugacities.!® Duplantier'® treats the
problem at d = 4 and describes the semidilute region,
giving expressions for small second virial coefficient. Freed
and co-workers,2?! hy means of direct renormalization,
describe semidilute solutions and extend the study of linear
chains to rings and stars. Ohta and Oono?*% use Edward’s
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method and give closed forms for II and the mean end-
to-end square distance (R,?). of a coil in the semidilute
region, to order ¢ = 4 — d. These previous theories either
focused on the C,/Cy* dependence capable of describing
the dilute and the semidilute solutions or establish the C,
dependence without an appearance of N describing the
high concentration limit. No theory studies the transition
from the one behavior to the other.

Experimentally, Noda et al.?® determine the osmotic
pressure of polystyrene for a large range of concentrations
starting from dilute up to semidilute solutions. In the
dilute region they find that II/C,, is smaller for larger N
in accordance with the ideal relation of the dilute system,
I1/C, - (1/N). Their results fit a universal graph up to
moderate concentrations in accordance with the scaling
law IIN/C,, = F(Cy/C.*), and the proper power law de-
pendence describing the beginning of dense systems where
IT1 does not depend on N is also well described. With
further increase in concentration, the concentrated region
is reached where C,, determines the osmotic pressure in
all ~ C,?law (see Flory 1942, Huggins 1942, and refer-
ences therein).

The previous theories do not describe all chain behaviors
in a unified way. In this work we make such an effort and
describe all regions of concentration, excluded-volume
interactions, and molecular weights in a unified way, ex-
tending previous results of semidilute solutions in order
to describe concentrated solutions as well. The technique
and the results of the present work can also be applied to
the study of more complicated problems of many chains
met in systems of chains of various architectures®% or
systems of chains interacting with substrates.* The class
of the basic skeleton diagrams (loop diagrams of des
Cloizeaux) used to build macroscopic properties (see sec-
tions 2A and 2B) can also be employed for the description
of these complicated but more useful cases.

An important parameter in the study of the macroscopic
properties of chains is the dimensionality d of space.” Its
role has been explained previously where techniques based
on its importance have been applied with success to few
chain problems. The combination uN“9/2 with u the
excluded-volume parameter, expresses the nonidealities
and governs the conformational behavior of the chains.
For d > 4 this combination becomes negligible for large
N, meaning that nonidealities do not contribute for di-
mensionalities d > 4. For d < 4, uN%9/2 hecomes im-
portant and it becomes larger as d decreases. The existing
nonidealities for d < 4 are smaller for larger d, which
implies that the difficulties faced for solving the problems
get less for larger d. At d = 4, N49/2ig equivalent to In N
with the smallest possible values which makes d = 4 the
best dimensionality to work at because the chains behave
nonideally, while the difficulties faced for their description
are the least possible to overcome. It is characteristic for
example that the critical exponents and the general
structure of the various properties can be found from
first-order perturbation theory at d = 4. Properties con-
cerning isolated chains behave at d = 4 as’

P=Pjl+xuln N+ .]~ PNp 1.1)

The exponent p can be found from the number x of
first-order calculations, and the fixed point value u* = ¢/16
as p = xu* = x¢/16 (¢ = 4 - d). The quantity inside the
brackets in eq 1.1 at d = 4 behaves like [1 + 8u In N]° with
a capable of being determined also from x as a = x/8. The
same general rules apply to systems of more chains. The
second virial coefficient, for example, concerning two
chains behaves like® A, ~ uN*(1-4uln N+ ...) ~ uN[1
+ 8u In N]1/2 at d = 4, which means that the critical
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exponent & of Ay ~ ulN?, valid to the large molecular weight
limit N — «, is equal to 6 = 2 ~ du* = 2 - (¢/4), while the
structure of the solution at d = 4 is of the general form
Ay ~ uN*(1 + 8u In N)°, with a = -1/2.

The appearance of In N in the one-loop first-order
calculations of the various properties at d = 4 means a
strong contribution of the nonidealities, accompanying the
change of the ideal values of the critical exponents to their
nonideal ones. On the other hand, if a In N does not
appear in the first-order u term of a property, its ideal
exponent does not change and the effects of the exclud-
ed-volume interactions on the specific property in the limit
of large molecular weights are negligible. This last criterion
can be used to check the cancellation of excluded-volume
effects coming from different sources such as intra- and
interexcluded-volume interactions, both present in systems
of many chains.

Having these observations in mind we proceed to study
a system of many chains at d = 4 — ¢ (e small), aiming at
the description of the general structure of the solution and
the behavior of systems of many chains. In the next sec-
tion a canonical ensemble is used where a class of im-
portant diagrams is found to determine the behavior of
the system. The osmotic pressure and the mean end-to-
end square distance of a coil are given as expressions in-
cluding an integral, capable of describing the system as a
function of concentration, molecular weight, and exclud-
ed-volume interactions. In section 3 we find the values of
the diagrams and we study the overall solution for d = 4.
The regions of dilute and semidilute solutions and the
limiting concentrated region are properly described in
section 4. In the final section 5 a brief conclusion is given.

2. Formulation in a Canonical Ensemble

In a canonical ensemble the probability distribution
Pir,,.} of the system of n chains in a volume V is given by

N N n
P{rim} = Po{rim} exP{_u ;1 Zl Z_lad(rim -
N N n n e
rjm) X X 5d(rimn - rjm’n)’;

i=l j=1 m=1 m'=1

L#Jj, m=m'
2.1)

with Pofri,) = expl-(d/2mi) XL, T hai(ri — 7 i+1,m)%) the
ideal probability expressing the connectivity terms of the
n chains each made of N units. u is the excluded-volume
parameter describing both intra- and interexcluded-volume
interactions, considered to be of equal intensity, and the
first and the second parts of the exponential term repre-
sent the intra- and interexcluded-volume interactions,
respectively.

2A. The Osmotic Pressure. In order to find the os-
motic pressure IT = kT In Z/3V of the system, the con-
figurational partition function Z is needed. Z is a central
quantity in the canonical ensemble and it can be found
after the performance of a multiple integral of the prob-
ability distribution Pfr;,} over all nN positions r;,fi = 1,
2, .. Nym =1, 2, ..., n} of all the units of the chains.

N n .

Z= H H ddr,-mP{ri,,,} (22)
i=1 m=1

A way to calculate Z and the rest correlated quantities
is to use initially a perturbation theory with respect to
interexcluded-volume interactions, hiding for a later step
the intraexcluded-volume interactions. In this procedure
the various order diagrams taken in the first step from the
interexcluded-volume interactions will refer to chains with
intraexdluded-volume interactions. Expanding P{r;,} of
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eq 2.1 with respect to interexcluded-volume interactions
we take the expression

N n n
Z=(1-ux z X% i = )] +
i=1 j=1 m=1 m'=
N N n n
1/20u T X X X 8%ri, - rm) 1t +
i=l j=1 m=1 m'=1
N n n
Z[( u) /L'][Z1 Zl Zl Zlﬁd(r,m -rm)l,  m#EmM
i=1 j=1 m=1 m'=
(2.3)

where the brackets ( ) denote the average over all positions
of units with respect to the rest part Pyir;.)
explru N, TN S 6%, - rjm)} (i  j) of the probabil-

ity which 1nciudes the remaining intraexcluded-volume
interactions. Each 4 function of equation 2.3 brings in
contact two polymeric units from two different chains. In
the first- and second-order diagrams, for example, of the
form A and B (Chart I), the two nonideal chains are joined
in one and two points due to the action of one and two ¢
functions, respectively. In the evaluation of physical
properties like the osmotic pressure II or the mean end-
to-end square distance of a chain in the presence of other
chains (R,?)., disconnected diagrams like (A C) or (A D)
or diagrams with open structures like AC or AD cancel (see
ref 10). The rest diagrams contribute to the various orders
of concentration depending on the number of the chains
involved in them. Let us concentrate on the diagrams of
i chains which contribute to the C.’ terms. These diagrams

can have in general m contacts ﬁetween pairs of chains.

The cases m < i correspond to open structures which do
not contribute, with an exception of the simple first-order
diagram A, which contributes to the osmotic pressure. The
rest diagrams have either m =i or m > i. The cases with
m = [ gives rise to ring-type diagrams (loop diagrams of
ref 18) like D (m =i = 3) or E (m =i = 4), which are the
simplest diagrams with structure and play a dominant role
in the determination of the macroscopic properties. For
m > { the connections are more than the chains and ex-
amples are F (m = 4,1 = 3) and G (m = 5,1 = 4). These
diagrams with m > [ together with the corresponding in-
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traexcluded-volume diagrams of the same number of
chains can be treated as derivative diagrams of the cor-
responding ring diagrams. Examples of derivative dia-
grams are H, which can be considered as a derivative di-
agram of the three-chain D ring diagram with an extra
intrainteraction beyond the three-chain system, and I as
a derivative diagram of the five-chain K ring diagram, with
two extra contacts beyond the contacts of the five-chain
ring. Soin general each C;/ term is described by a skeleton
diagram of the ring type27 and its derivative diagrams
having the same number of chains but a larger number of
contacts. Derivative diagrams alter the coefficients of the
various powers of concentration in a simple regular way
which is analyzed below.

For each macroscopic property of the system a skeleton
expression can be given, initially coming from the con-
tributions of the ring diagrams, and the effects of the
derivative diagrams can then be incorporated, yielding the
final expressions. In the case of the osmotic pressure II
the diagram B can be considered as a derivative diagram
of the s1mple A diagram which survives. In the general
([ZZZZ& (rim = Ijm)}) term, i 6 functions act simulta-
neously on i chains so the ring diagram made from i chains
is of the form L (i chains). The number of the ith ring
diagrams equals the ways i chains can be taken out of n
chains and form a ring and it comes out to be n(n - 1)(n
-2)...(n—-i+ 1)27( - 1)!. Inthe thermodynamic limit
of n— =, V—«,and n/V = C, going to a constant, the
term ([ZZZZ&"(QM Tim)]') ylelds the following number
of rmg diagrams

([Z Z 3 Zéd(r,m—

i=1 j=1 m=1 m'=1

) )s =
(nf/ V26 - DIZL, Q=) (24)

An s subscript is used from now on to denote the skeleton
expression of a quantity coming from the contributions of
the ring dlagrams only The form of the ring diagrams
having a loop is equal in the Gaussian model to (d/2x! X
length of loop)d/ 2 which upon absorbing the (d/2w)4/2
constants in u’s we take for their values

N N AN N
L= J:) diy J:l dj; j; di, ;. dj, ..
N N N N
L i d/2 =
j:) di; j; dj; 1/(length of loop) j; dl, j; di; ...
N
LdmNdmN4¢4Ndwm+h+m+w@

with Iy = ji —iy, Iy = Jo = iy, ooy i = Ji = 1 (2.5)
where the factor 2¢ in eq 2.4 is separated from the definition
of the rmg dlagram and comes from the two equlvalent
cases i; < j; and i; > j;, for each chain. A factor of 1/ Vil

= Y+l /Y also appears because the average is taken over
the positions of all the chains. In the denominator all of
them move independently producing a V" factor, while in
the numerator, because of the presence of the ring, i chains
move together producing a V factor times a V™ factor
from the rest n — i chains.

The structure of the form of the ring diagrams permits
their evaluation up to an integral. Employing the di-
mensionless variables x; = [;/ N we take

L= Nzi‘(d/z)fldxl fldxg fldx- (1-x;) %
(1-29) oo (1 =x))/(xy + ... +x)%2 (2.6)

and if we write the denominator as 1/(x; + x5 + ... + x,)%/2
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= [1/T(d/2)] f 5dp p'#/PlePGErtsst-+5) the | X integrations
become separable and equivalent, yielding the expression

L = [N%-4/2 /T(d /2)] j; “dp p<d/2>-1[ j; ‘dx (1 - x)ers]
2.7)
Calling

1
J= j; dx (1-x)eP = (eP-1+p)/p® (28)

we see that the ring diagrams can be evaluated up to an
integral as

L = [N%4/2 /T(d /2)] _[; “dp p@aLE (2.9)

The evaluation of the ring diagrams up to an integral
permits the evaluation of the skeleton partition function
corresponding to these diagrams up to an integral. Using
the values of the ring diagrams as well as that of the two
chain diagram A = (un®N?/V) in eq 2.4 and 2.3, we take
for the logarithm of the skeleton partition function of the
ring diagrams, that is without taking account of the con-
tributions of the derivative diagrams, the expression

fIn Z],=nln V- (un®N?/V) +

[N/2/20(d/2)] f"dp P/ T (~4uNnd V)
(2.10)

The skeleton osmotic pressure of the system can then be
found as

IL/(*T) = 3 In Z,/3V = C, + uC,2N? +

(N/2/20(d/2) . "dp pUIPY (~4uNIC,) X
i=3
-1+ /)], C,=n/V @11)

The summation in eq 2.11 is trivial, leading to I,/ (kT) =
Cpll + (\/4) + [2uN"9/2/T(d/2)]AF (M)}, where

F.0) = (1/3) fo “dp pUP[(1 /2 + () /(L +
M) -In (1+ )], A= 4uCN? (2.12)

in accord with the results from other methods.!921:22
Analogous expressions of the function J = (¢ - 1 + p) /p*
have been given previously in the treatment of semidilute
solutions. Duplantier'® working at d = 4 and for a small
second virial coefficient gives an F,(\) function which
includes only the first expansion term of (AJ)/(1 + AJ).
The function F,()) is the same as that given by Freed et
al.?! (see also ref 22) in their treatment up to order ¢, but
their expressions meant to describe the ¢ > 0 region do not
give the zeroth order (¢ = 0, = > 0) limit given by means
of eq 2.12 (see also ref 19). Moreover, these theories ex-
plaining the C,/C,* dependence of semidilute solutions
do not describe concentrated solutions where the depen-
dence on N through C,* ceases to be valid. Equation 2.12
includes only the contribution from ring diagrams, while
the contribution from the rest of the derivative diagrams
have to be incorporated. The easiest way to do this is
through the virial expansion of IL,/(kT). In an expansion
in powers of A (proportional to C,) the function F,()\) goes
as

R0 = “dp p/2I(2/3)A ~
(B/ANT + (455 + ... + (<1)F(( - 1) /N2 +
A= Tad e = (DRG - 1)) [ dp p@mi
i=3 0
(2.13)
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permitting the evaluation of the virial expansion of II, to
various orders of C;,. The structure of I, resulting after
the integrations is the following:

Hs/(kﬂ = Cp{]. + A2scp + A3st2 + A4st3 + ..+
AuCy 4 . = Cy + AgC2 + T ALC, (2.14)
i=3

with

A25 = uN2, 143s = [2uN(4_d)/2/I‘(d/2)]a3(4uN2)2,
Ay = [2uN®9/2/T(d /2)]og(4uND3, ...,
A, = [2uN®D/2/T(d /2)]e;(4uND-, ...

The derivative diagrams change the skeleton virial coef-
ficients of a property to their final forms. For the osmotic
pressure we take for example that

A, + (action of derivative diagrams) — A; (2.15)

so that the final form of the property becomes
I/(kT) = C, + A,C 2+ L AC, (2.16)
i=3

providing, after the evaluation of A; by means of eq 2.15,
a general expression of the property in terms of C;, N, and
u.

2B. Mean End-to-End Square Distance of a Coil.
The mean end-to-end square distance (R,%), of a coil,
expressing its size in the presence of other chains, is the
second property that we study. It can be written in terms
of the probability Pfr;,}, eq 2.1, as

N =n N n
Ry = f 11 11 d%rin PlrimiRe2/ f 11 11 dri Plrin)
(2.17)

We treat eq 2.17 in a similar fashion as eq 2.2 of the
partition function. In the first step we find the skeleton
expression from the contributions of the ring diagrams. If
it is expanded with respect to interexcluded-volume in-
teractions, all disconnected diagrams as well as diagrams
with open structures cancel and leave for the skeleton
property the expression

(Ri®)es = (R1®)os — U(RAZEE T 6%(rim = Tjm)]) =
(RN Z X6 rim = rim) Dl +
(1/2u((RAZ S8 i — rim)1?) -
(RPAN[EZ T E 04 rim = rjm) 19 +
v+ [Cw) R AE EE Z 84 rim — 1)) -

(RAU[ZEE T rim = rjm) ) + ... (2.18)

The first-order u term vanishes while in the thermody-
namic limit, n = «, V— «,n/V = C, finite, the u* term
is proportional to C,!

{RAZEE X0 im ~ Ijm)]) =
<R12><[5d(rim - rjm')])}s =0

(RAZZZE 8 (rim — rim) 1) -
(RA(ZZZ T8 rim = mim) 1) = 7127121y (2.19)

The diagram Ly is made of i chains and its form can be
found from the difference of the two terms of eq 2.19. It
is equal to ~(part of chain 1 in the loop)?/(length of the
loop)@/2+1,
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N N N
L= j; di f dj, j; di ...
N N
S, dic f i 06 -2/
N N
@/D+ =
(length of the loop)@/2+1 j; di, J:) dis ...
N
SO N - O -1 o (N - B/
Uy + by + oo + 1)@+ = [ N2+1-/D
1 1
I‘((d/2)+1)]J; dz, J;dxz
1
‘j; dxi x12(1 - x])(l - xQ) oo (1 - x,-)

j;wdp p'9? expl-plx; + x5 + ... + x)} =
_[N2i+1—(d/2)/r((d/2) + 1)]j;mdp pd/2[j;1dx 1-

x)x? exp{—px}]

1 i~1
[j; dx; (1-xy) efo‘Pxﬂ] =
(NI /T((d/2) + 1] ) dp pilieI ! (2.20)

with ¢ = [ dx (1 - x)x? exp(-px) = (6/p*)eP? + (4/p®)eP
+ (1/p%e® - (6/p*) + (2/p®) and the same J defined
previously in eq 2.8. This evaluation of the ring diagrams
up to an integral permits the evaluation of (R,2), of eq
2.18 up to an integral.

(Ry%)es = (R1%)os — INTW/P/2T((d/2) +
DC,] ) dp P26 /DT M) =
(Ri)o, — [BN®@/Du2C, /T (d/2) +
D) f] dp 926 /(1 + A =
(R il - [2uNT@/D/T((d/2) + DIFRN}  Fa(\) =
A fo “dp PG /(1L + M), A = 4uC,N? (2.21)

The negative term in eq 2.21 expresses the decrease of the
size of the coil with the increase of concentration; it is
bounded though by the value of u, which being of order
u* = ¢/16 {¢ — 0) does not permit (R,?)., to obtain un-
physical negative values (see also ref 22 where such terms
are exponentiated). The function Fr(\) can be expanded
in powers of A as

Fa(\) = j; “dp pUDGAT — (D2 + ... + (CDFLOJ) +
L= ZEN,  B= (DO [ dp peres (222)
i=1 0

permitting (R,?), to be expressed as a virial expansion in
powers of C,,.

(Ry®) e = (Ry%)og + ByCp + By Cp2 + ... + BiCpi + .. =
(R1%)0s + 2B, CF (2.23)
i=1
with
B, = —[2u]V3-(d/2)/p((d/2) + 1))8:(4uN?)i

The virial coefficients B;, of the skeleton expression can
yield the true virial coefficients B; after the incorporation
of the contributions of the derivative diagrams, as for the
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case of the virial coefficients of the osmotic pressure.
B,, + (action of derivative diagrams) — B; (2.24)

Equation 2.23 becomes then
(Ri®). = (R®) + éBiCpi (2.25)

and this is an expression which after the evaluation of B;
by means of the eq 2.24 can describe the size of a coil as
a function of u, N, and C,.

3. Calculations at d =4 - ¢

In the model described above, the replacement of the
real summations over the units of the chain with the easier
to be found integrations over the contour length of the
chains makes the model equivalent to continuous line
models.!® The application of perturbation theory in these
continuous models suffers from divergences coming from
zeros in the denominators appearing in the small length
limits. To avoid this, renormalization theories'®!*% have
been developed which in a systematic way treat the di-
vergences which are irrelevant in the final physical result.
In the exponentiation techniques which we have used” we
have isolated these divergences and the analysis has been
based on terms surviving in the limit of large molecular
weights. A way to avoid the zeros in the denominators is
to add to them a small positive constant x equivalent to
a physical small-length cutoff, which though necessary for
the existence of the integrals is not expected to affect the
long-range macroscopic properties. In this way the di-
vergences can be isolated from the rest useful results. The
first-order diagram M, for example, which appears in the
evaluation of the partition function of a chain

Zl = [JON[]. - 2UM + ...] (3.1)
is equal at d = 4 to

N N N
M=J; dij: dj1/(,‘—i)2=f0 dl (N-1)/08,
l=j-i (3.2a)

and is divergent. But the diagram
M Ndl N-D/0+ x)?
= f A -D/0+27=

1
J; dy 1-%)/(y+ 8?2 &=x/N (3.2b)
is not. It is equal to

M= ledy 1-»/+0?=(1/8)-In(1+6) +

In(@)=(1/)+In@)=WN/x)+lnx-InN, §—0
(3.2¢)

and the benefit of writing it in the form (3.2b) is that the
x divergent parts and the In N are separated (eq 3.2¢).
Knowing that the x parts of the integral, due to the ex-
istence of the physical cutoff, do not influence the long-
range properties of the chain at the limit N — « but just
alter the exponential prefactor y, of eq 3.1, we concentrate
on the In N part, which gives for the partition function of
an isolated chain the form

Zi=uN1+2uln N+ ..} (3.3)

Such forms yield the power laws with respect to N, the
critical exponents, and other useful information as has
been discussed in the Introduction.”

3A. Osmotic Pressure. In the case of the ring dia-
grams of osmotic pressure, eq 2.5, in order to avoid the
divergences we add similarly a small x in the denominator,
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indicating in this case the existence of a physical cutoff
in the loops among the chains. This interchain cutoff
saves, for example, the approach to the closed-packed
density ~1/x%2, which of course the present analysis does
not reach. The model though is capable of describing the
limit of high concentrations,!® at which the existence of
the cutoff though necessary like in the isolated chains is
irrelevant for the description of long-range properties.
Following similar steps as those leading to eq 2.9, we take
instead that at d = 4

L = [N*2/T@)] ] “dp pe P, with 5=x/N

(3.4)

The action of the derivative diagrams is to change the
virial coefficients A, in a simple way, clear even from the
full evaluation of the first member of the series. For the
second virial coefficient A,,, previous results? show that
its ulN? form after the action of the derivative diagrams
becomes uN?[1 - 4u ln N + 24(u In N)2 + ...] = ulN?(1 +
8u In N)~/2 amounting to multiplying A, by the factor
(1 + 8u In N)"'/2, This is general and the contributions
of the derivative diagrams amount to multiplying the virial
coefficients by factors of the form (1 + 8u In N)* with x;
unknown exponents. The exponents x; can be determined
by means of the previous well-established result that in
the semidilute excluded-volume limit the osmotic pressure
IT obeys the relation II/(KT) = C,F(Cy/Cy*).}*'¢ The
ratio C,/Cp* is equal to the ratio of the monomer con-
centration in the solution C,N to the local monomer con-
centration of a coil proportional to N/(R?)%2% Atd =4
the mean end-to-end square distance behaves like (R2) =
N(1 + 8u In N)/48 and the ratio C/Cy* comes out to be
proportional to u'/? for large u, Cp,/Cy* ~ u'/2 Therefore
the action of the derivative diagrams is to multiply the
terms of the osmotic pressure, eq 2.14, with powers of (1
+ 8u In N) in such a way that they becomes powers of ©1/2
in the full excluded-volume limit. The term A,,C,, for
example, incorporating the effects of the derivative dia-
grams, becomes

A5Gy = 45,Cy(1 + 8u In N)™2 = CLuN(1 +

8u In N)*2 ~ yl/2 = yl+ae ~ yl/2 X3 = ~% (8.5)

in agreement with previous calculations of the contribu-
tions from both the skeleton and the derivative diagrams.?
In general for { > 2, A, proportional to u’, eq 2.14, is a
coefficient of a C,""! term, which means that after the
contribution of the derivative diagrams A;, has to become
proportional to (u!/2)"!, This determines the exponent x;
and yields for A; the final form

Ai = Ais(l + 8uln N)xi =
[2uN@9/2/T(d /2)]e;(4uN?(1 + 8u In N)* ~
uts = g2 = g = —(i + 1) /2 for i> 2 (3.6)
By means of the lim,_.qIn N = (2/¢)(N¥/2 - 1) ~ N2, we
see that A, goes in the limit of large molecular weights as
Ai ~ Nhi,
hi=(e/2) +2i -2~ (/@ + 1) for i>2 (37)
determining so for the first time the critical exponents h;
of all virial coefficients to order ¢. Resumming now the
terms, eq 2.16, with the new final forms of A;, we take an
expression for the osmotic pressure of the same structure
as that of the skeleton expression eq 2.12, which includes
the contributions from all diagrams.
I/(RT) = Cyfl + (V' /4) + [2uNY%(1 +
8u In N)1/T(2 - (e/2)]NF,(N)} (3.8)
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but with a new
N=A1+8ulnN) V2=
4uC,N*(1 + 8u In Ny'1/2 ~ Cp/Cp*

FN) = 5 aNi2 = (1/09) . ap penit(1/2) x
i=3
(VD)2 + (V) /(1 + V) - In (1 + NJ)] (3.9a)

and
o = (-1)F1[( - 1) /i] j; “dp peP S (3.9b)

are the same as those of eq 2.12 with d = 4. The cutoff
term 6 = x/N takes care of the divergences as has been
explained in the beginning of the section. Equation 3.9
is a general expression of the osmotic pressure as a function
of concentration C, the molecular weight N, and the in-
tensity of the excluded-volume interactions u and can be
used for the study of various interesting regions,

3B. The Size of a Coil. As far as the size of the coil
is concerned, eq 2.18-2.25 of the mean end-to-end square
distance of a coil are employed, where the evaluation of
the diagrams, eq 2.20, are necessary. The forms of these
diagrams after the addition of the small positive constant
x in their denominators, following the same route as in the
case of osmotic pressure, become at d = 4

Ly = ~[N®1/T (3)]J;mdp p2e Pl (3.10)
changing the values of 8;, eq 2.22, to
= (<) dp ple-Pio.Ji -
Bi=(-1) j; dp pePiefi, d=4 (3.11)

which changes also accordingly the values of the virial
coefficients B;, of eq 2.23.

The virial coefficients B, of the skeleton expression can
yield the true virial coefficients B; after the incorporation
of the contributions of the derivative diagrams. As for the
virial coefficients of the osmotic pressure, the contributions
of the derivative diagrams of the mean end-to-end square
distance amount in multiplying B;, by a function (1 + 8u
In N)* with y; unknown exponents,

Bi = Bis(l + 8u In N).Yi (312)
The exponents y; can be determined by means of the re-
quirement that in the scaling region (R;?), has to be of the
form?
(R12>c = <R12>0F(Cm/cm*) =
(Ri%)ol1 + dy(Cr/ Cp*) + do(Cra/Cr*)? + ...] (3.13)
By means of eq 2.25 and 3.13 we see that the C,' term of
the expansion of (R;2), behaves like
B[Cpi ~ <R12>0(Cm/cm*)i ~ N(l + 8u In ZVI)I/4 X
WA2C, N ~ u/2%A/C i = B; ~ ul/2+0/9 (3.14)
On the other hand, by means of eq 2.23 B; is seen to behave
like .
B; = B,(1 + 8u In Ny = -[2uN*/2/T((d/2) +
1)18,(4uN?){1 + 8u In N ~ uitl+y (3.15)
Equating the exponents of u from eq 3.14 and 3.15, (i/2)
+(1/4) =i+ 1+ y; we determine y; = —({/2) - (3/4). The
virial coefficients B; are then given by
B; = -[2uN™¥/2 /T(3 -
(¢/2))]8,(4uN?)i(1 + 8u In N)~¢/2-6/9 (3.16)

By means of the limit as ¢ — 0 of In N = (2/¢)(N¥/2 - 1),



726 Kosmas

Table I
Ten First ; and 8; Coefficients, Eq 3.9 and 3.18, for the
Evaluation of F,(\) and *Fg(\) of the Virial Expansion of
II and (R,?),, Respectively

i @ i

1 3.863 X 107!
2 -5.019 X 1072
3 2.174 X 107 1.011 X 102
4 -4.683 X 1072 -2.523 x 10°®
5 1.358 X 102 7.172 X 1074
6 -4.489 x 1078 -2.229 X 107
7 1.601 X 1078 7.393 X 107
8 -6.013 X 10 -2.576 X 107
9 2.343 X 1074 9.329 X 1078
10 -9.395 X 1078 -3.486 X 107
11 3.852 X 108
12 -1.609 X 1078

B; are seen to behave in the limit of large molecular weights
N like

B; ~ Nk ~ NEOi/4+e/8+1 _ | =
8-6eG/4) + (¢/8) + 1 (3.17)

We determine for the first time both the structure of all
virial coefficients of the coil size and their critical expo-
nents up to order . By means of the true virial coefficients
B;, eq 3.16, and §;, eq 3.11, the mean end-to-end square
distance (R:%). = (Ry%)o + X iui1BiC,' of a coil becomes

<R12>c = (R12>0{1 - [2UN5/2/F(3 -

(e/2))(1 + 8u In N)'Fr(\)]} (3.18)
with
N=X1l+8 InN2=

4uCpN2(1 +8uln N)yY2 ~ C,/Cp*

and
Fa(¥) = ¢ =X [ dp plesiod /(1 + N,
i=0 0
= (=1)6-D 25-Pop,J! =
8 =(-1) j;dppe dJ', d=4

where A of eq 2.21 has been substituted with A’ as in the
case of osmotic pressure. Equation 3.18 is a general ex-
pression describing the size of the coil in all regions of
concentration, molecular weight, and excluded-volume
interactions.

4. Dilute, Semidilute, and Concentrated Solutions

Equation 3.8 and 3.18 are general expressions and de-
scribe the osmotic pressure and the mean end-to-end
square distance of a coil, respectively, in terms of the
concentration C,, the molecular weight NV, and the inten-
sity of the excluded-volume interactions u. They can be
used for the study of various interesting regions. We start
with the osmotic pressure of a dilute solution.

4A. Osmotic Pressure. (a) Dilute Solution. In the
dilute solution where the chains on average are far apart
the concentration C,, = C N of the monomers in the so-
lution is much less than the local monomer concentration
C* of the coils. In this region the ratio C,,/C* is small
compared to unity and the quantity A’ ~ C/C_* is small
so a T'aylor expansion of F,(\’) with respect to A’ can be
made and the virial expansion of Il up to any order of
concentration can be achieved. The virial coefficients can
be found by means of eq 3.6 once the coefficients «;, eq
3.9, have been found. J = (e - p + 1)/p?, as a function
of p, behaves normally. It is equal to !/, for p = 0, de-
creases with p, and for p — = goes as J — (1/p). The
integral f;dp pJie™P, eq 3.9, exists for i > 1 even for § =
0 so that all the coefficients «;, i > 1, can be calculated
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Figure 1. Plots of the full function F,()\), eq 3.9, of the osmotic
pressure, eq 3.8, and of its expansion *F,(X) = 3"}2; o) 72 up to
the N1 term.
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Figure 2. Master curve F,(\’), eq 3.9, for a large range of \' ~
Cy/Cyp* values. The horizontal lines represent regions of high
concentration (' — ) for various molecular weights N, eq 4.10.

analytically. The JJ* factor yields terms of the form p™e®,
which by means of eq 4.4 can be evaluated giving the
values of the virial coefficients. The first ten o; have been
found and quoted in Table I. We notice that they have
alternating signs, establishing a rule of alternating signs
for the virial coefficients of the osmotic pressure. This is
in accord with Duplantier’s finding of a negative fourth
virial coefficient. As we will see in section 4B the same
rule applies to the coefficients of (R,%), as well. The
truncation YF,(\’) of the virial expansion up to the tenth
power of A’ is plotted in Figure 1 and compared with the
full function F,(\’) taken after evaluating numerically the
integral of eq 3.9. We see that the expansion up to the
tenth power of A" describes well the full function F,()\") up
to values of A" ~ 1.7.

(b) Semidilute Region. Equation 3.9 can describe
osmotic pressure for higher values of C,, as well, therefore
describing the semidilute region. In the full excluded-
volume limit and ¢ > 0, (1 + 8u In N)! behaves like [1 +
(16u/€e)(N/% - 1)1t ~ N~/2, so0 that the osmotic pressure,
eq 3.8, becomes independent of the molecular weight N
and depends only on N/, which is proportional to the
characteristic ratio C,/C*. Such dependence has been
tested and agrees with experiments up to semidilute so-
lution."?® By means of a numerical evaluation of the
integral of eq 3.9 we can find this dependence for a large
range of A’ values. The corresponding plot of the master
curve F,(\) up to values of M’ ~ 3600 is shown in Figure
2, where the concentrated regions for various molecular
weights are also shown. A thing to notice from this graph
is that with increasing concentration the slope of the curve
reduces, showing that a stronger dependence on C,, occurs
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in semidilute than in concentrated solution, in accordance
with the IT ~ C,%*and I1 ~ C,? dependences in the two
regions, respectively.!®

(c) Concentrated Solution. An interesting result is
that eq 3.9 can also describe regions of high concentration.
In the high-concentration limit N’ is a large number so that
F.(N), eq 3.9, can be expanded in powers of 1/)\’ as

F V) = (1/2) ‘j; “dp pe P P[1 + On N/N)] (41)

and the osmotic pressure at d = 4 becomes, in the limit
of large concentrations, of the form

I1/(kT) = Cyil + uC,N2(L + 8u In NY/2 + [2u(1 +

8u In N)1(1/ 2))(}; dp pe‘P‘sJ?l,

J=(eP-1+p)/p? (4.2)
Now the integral fJdp pe P’J? exists only for positive
values of the cutoff parameters § = x/N > 0, which means
that in the region of high concentration an extra é de-
pendence and through it an N dependence enter. The
osmotic pressure, contrary to what happens in the semi-
dilute region, is no more a universal function of the ratio
Cn/Cy*. We can find the new dependence by finding the
integral f5dp peP’J? as a function of § = x/N. Substi-
tuting J from eq 2.8 we take

- = -3,-p(2+8) _
J; dp pePJ? j;eodp [p~%
2p—3e-p(1+5) + 2p—2e—p(1+8) + p—ae-pa - 2p—2e—p5 + p—le—pﬁ]
4.3)

By means of the general formula

S0 prete = a1/ n - e +

[(=R)}/(n = 1)(n - 2)a™?] + [(-k)?/
(n-1)(n-2)(n-23)a"3 + ..+ [(-k)*?/

(n - Dlal} + [(=R)™/(n - )] f “dp plet =
e*ol[1/(n - Da™] + [(R)/(n - D(n - 2a™?) +
[(B)2%/(n-1(n-2)(n-3)a™ %+ ..+ [(-k)"2/(n-
Dlal} + [(=k)™1/(n - DI[-C - In (ka) + O(ka)] (4.4)

where the limit for small a of the exponential integral
f2dp ple*? = -C — In (ka) + O(ka) (C is Euler’s constant)
has been used, we can find all terms of eq 4.3 in terms of
a and take in the end the limit a — 0. The overall result
if finite for 6 > 0, and it is equal to

j:dp pePJP=-2In2-(1/2)-Ind+ 0@ 1né) =

2In2-(1/2)~Inx+1In N+ O(n N/N) (4.5)
The constants and x parts, like in the case of the isolated
chain (see section 3), are irrelevant and the osmotic
pressure in the limit of very high concentrations takes at
d = 4 the form
I/(kRT) = Cpfl + uC,N*(1 + 8u In N)™¥/2 + u(1 +

8u In N)71(\) In N}; e=0, C,— o,

N = 4uC,N*(1 + 8u In N)1/2 (4.6)

which can be written as

O/(kT) = Cpfl + uC,N*(1 + 8u In N)V/2 + u(1 +
8u In N)4uC,N%1 + 8u In N)V/2In N} (4.7)
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Figure 3. Plots of the full function Fg()\’) of the mean end-to-end
square distance of a coil, eq 3.18, and its expansion YFg(\) =
10 8¢ up to the V10 term.

As we have explained in the introduction, the first-order
u In N term shows among other things the importance of
excluded-volume interactions from various sources. To
first orderin u In N, (1 + 8u In N)™V/2 = (1 - 4u In N), so
we take for the behavior of the osmotic pressure up to first
order in u In N the expression

/KT = Cyfl + uC,N?(1 - 4uln N + ...) X
(1+4uln N+ ..)} = Cyl + uC,N?1 + O(u In N)}}
(4.8)

This proves that in the limit of high concentrations the
two opposite excluded-volume effects represented by the
factors 1 -4uln N+ ..)and (1 +4uln N+ ..) of eq 4.8
cancel exactly. The net first order u In N is zero and the
effects of the overall excluded-volume interactions are
negligible. The osmotic pressurée can be written in this
region of high concentrations as

I/kT = Cyfl + uC N1 + Ou In N)I} ~ uCp?  (4.9)

a result which agrees with the previous findings of Flory
and Huggins!® from mean-field calculations. Beyond this
analytic approach to the high-concentration limit where
mean-field arguments apply another thing to notice is that
in this limit, where the meaning of the chains is lost as
expected, the osmotic pressure depends solely on C,,, a
result which has not been taken from the C,/C,* de-
pendence of previous theories. F,{\’) at the concentrated
region is also shown in Figure 2, where according to eq 4.1
and 4.5 it goes in the limit of high concentration to the
value

F,.N)=(1/2)In N, AN — o (4.10)

and ceases to be a function of X' ~ C/C,*. Of course eq
4.10 is the limit of F,()\’) for large X, eq 4.1, while terms
of smaller N’ can be calculated in a systematic way from
the 1/ expansion of eq 3.9. The description, therefore,
of the analytic way of going from the semidilute solution
to the concentrated solution (dashed curve of Figure 2) can
be done to any order of accuracy.

4B. The Size of a Coil. (a) Dilute Solution. In the
regions of small concentrations an expansion of Fg()\'), eq
3.18, can be performed and the virial coefficients can be
determined. The ten first of them are found analytically
and quoted in Table I. Their signs also alternate, estab-
lishing an alternate rule for the signs of the coefficients
of (R42), like that of II. The plot of YFg(\’) based on these
first ten terms is shown in Figure 3 and compared with the
plot taken after the numerical evaluation of the integral
of Fr(X). The virial expansion YFg(\') of Fr(\’) describes
the curve well up to values A’ ~ 2.1. Figure 3 shows that
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Figure 4. Master curve Fr()\'), eq 3.18, for a large range of \’
~ Cp/Cyp* values. The horizontal lines represent regions of high
concentration (A’ — «) for various molecular weights N, eq 4.12.

the size (R,?), of a coil decreases as the concentration of
polymers increases.

(b) Semidilute Region. With increase of C,, the sem-
idilute region is reached, where the master curve of FR(\")
is followed and the ratio (R;2)./(R,2), is a function solely
of the ratio C/C*.2® —Fg(\’) after the numerical evalu-
ation of the integral of eq 3.18, for § = 0 is plotted in Figure
4 up to values of M’ ~ 3900. The plot of Figure 4 shows
that the decrease of (R,2), gets smaller as the concentration
increases, ending in an independence from C,, in accord
with the results of Muthukumar and Edwards,!® who find
that the scaling result of a strong decrease like ~C,,"1/4
in the semidilute region ends up with an independence
from C, in the concentrated solution.

(c) Concentrated Region. An analytic study of eq 3.18
can be done in the high-concentration limit where Fg()\’)
can be expanded by powers of 1/)\’ in a systematic way as

Fa\) =¥ ] “dp pleP¢d /NDL + (1/ND] =

j;wdp PP Po(l - (L/NJ) + (1/ND2 -], d=4
4.11)

The evaluation of the first term [5dp p%e ¢ of eq 4.11
will give us some insight to the behavior of the size of the
coil in the high-concentration limit. This first term exists
only for § > 0, which means that in the high-concentration
limit the function Fr(X’) is not only a function of C,/C,*
anymore, a thing which is true in the semidilute region.
The extra dependence on N can be found after the eval-
uation of the first term of eq 4.11. This can be done by
means of the general formula, eq 4.4, as for eq 4.5.

FrO\)yme = j; dp prePi¢ =
2Iné-6+2In(1+6)+65ln 1+ +
[1/0+68)]~66Iné =2In N-2In x + O(constants)
(4.12)

Ignoring the constant and the In x parts as irrelevant, we
can find (R,?). in the limit C, — =, for d = 4, from eq 3.18.
It is of the form

(R®)=N[l+2ulnN+ . ]J[1-2ulnN+.]=
N[1 + O(u In N)] (4.13)

which again shows that a cancellation of intra- and inte-
rexcluded-volume effects occurs in this limit of high con-
centrations and that the ratio (R,?)./ (R,?),, because of this
cancellation, does not show a dependence on N. In Figure
4, the limit Fr(\') = 2 In N of high concentrations (' —
«) ig also shown. The analytic way of going from the
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semidilute to the concentrated solution (dashed lines) can
be found to any order of accuracy after the evaluation of
the higher order terms of eq 4.11.

5. Conclusions

We have studied a system of many polymer chains. By
means of the class of skeleton diagrams of the ring type
we have given closed expressions up to an integral for the
osmotic pressure and the size of a coil, capable of de-
scribing all regions of polymer concentration, intensity of
excluded-volume interactions, and molecular weight of the
chains. From these expansions the three characteristic
regions of dilute solutions where virial expansions can be
used, the semidilute solution where the properties are
functions of the ratio C,,/C,* of the global to the local
monomer concentration and the concentrated solution
where inter- and intraexcluded-volume effects cancel and
the chains tend to behave ideally, are properly described.
A rule of alternating signs for the virial coefficients of the
osmotic pressure and the size of a coil is given, and a
systematic way of going from the C_/C_* dependence of
the semidilute solution to the C,, dependence of the con-
centrated region is analyzed.
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